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pure metal powders. The ignition of graphite (carbon) will
probably depend on the presence of other fuel components.
Aluminum may be hypergolic with CIF; under some condi-
tions.
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Nomenclature
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&

specific heat

total height of n-hexadecane in test cell

dimensionless spatial increment = Az

heat of fusion, cal/g or Btu/lb

thermal conductivity

dimensionless time increment = A7z, = A7

total number of spatial nodes

ka/ho*

number of completely solidified space nodes

dimensionless height of solid phase formed

temperature and ambient temperature, respectively

equilibrium temperature of solidification

time, sec or min

time interval from start of cooling to the start of solidi-
fication at the bottom plate

= fraction of partly-solidified node that is solid, by the
jth time step

height of solid phase formed, ¢m or in.

spatial coordinate

dimensionless spatial coordinate

thermal diffusivity

dimensionless constant = as/aL

density, g/cm3 or lb/ft?

dimensionless times, presolidification and solidification

dimensionless time corresponding to t*

dimensionless temperature
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Subscripts

4J
Lo
LS8

finite spatial and time inerements, respectively
presolidification problem (liquid)
liquid and solid phases

([

Introduction

ANDIDATE phase-change materials for thermal control
systems for spacecraft should have equilibrium melting
temperatures that are close to the acceptable range for the
design media for electronic equipment, 40°F-150°F, with
heats of fusion >100 Btu/lbm, and they should be noncorro-
sive, nontoxic, chemically inert and stable, with low vapor
pressures, small volume changes, and negligible subcooling.
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Normal (long-chain) paraffins with even numbers of carbon
atoms are most widely considered.

Carslaw and Jaeger! pointed out the basic nonlinear nature
of phase-change problems. A survey of phase-change prob-
lems and the experimental study of different test cells are pre-
sented in Ref. 2. Bannister® emphasized the need to study
nucleation theory as a basis for the study of subcooling phe-
nomena in solidification problems. An approximate one-
dimensional mathematical model, neglecting the effects of
convection was presented by Pujado, Stermole, and Golden.*
Ehrlich® gave the implicit finite-difference equations for the
one-dimensional melting problem with a variable heat flux or
heat input specified as a function of time. Grozka® included
the effects of gravity, magnetic and electric fields, and convec-
tive currents; she pointed out that the pure-conduction
problem with phase change is valid so long as the liquid phase
remains stable, and that natural convection must be con-
sidered after the Rayleigh number reaches 1720 for a layer of
fluid either heated from below or cooled from above. Many
other papers are reviewed in a survey by Muehlbauer. and
Sunderland.” This Note is based on Ref. 8, in which im-
plicit finite-difference equations were obtained for the one-
dimensional model of the solidification of n-hexadecane and
were put into tridiagonal matrix forms and solved by Gauss
elimination and back substitution.

Theoretical Analysis

The problem to be studied is the solidification of n-hexa-
decane in a cell of height A (between plates) and constant
cross-sectional area in the plane perpendicular to the axis, y of
the cell (Fig. 1). The temperature profile and the rate of
solidification are to be determined using a one-dimensional
model along the y axis and assuming that unsteady state
conditions obtain. The effects of convection are assumed to
be negligible, because mixing that occurs when solidification
takes place is minimized by having the cell cooled from the
bottom, so that the solid formed at the bottom of the cell
remains there, and ps and pz are nearly equal for n-hexadec-
ane between 262°K and 310°K, so that the net velocity of the
interface between the solid and the liquid phases is near zero.
It is further assumed that the cell and its content are at am-
bient temperature T, initially,

Tio(,0) = Toatt=0for0 <y <h (1

and the temperatures of the inside faces of the bottom and the
top plates of the cell are functions, fi(f) and fs(f), of time,
respectively:

TL(0t) = fit) aty = 0 (2)
Twht) = fult) aty = h ®3)

With these definitions, knowledge of the temperature profiles
of the inside faces of the two plates, say by polynomial fits of
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experimentally determined temperatures of these faces, makes
it unnecessary to write energy balances on the plates in order
to solve the problem for n-hexadecane.

The heat transfer problems are divided into two parts:
a ‘‘presolidification’ problem, covering heat transfer in liquid
n-hexadecane from the time (! = 0), when cooling of the
bottom plate is initiated, to the time ¢* when the equilibrium
temperature of solidification T. is reached at the bottom
plate; and a ‘“solidification” problem, covering heat transfer
in solid and liquid and the rate of solidification from the time
t* to a later time when the entire content of the cell is frozen.
In the presolidification problem, the governing equation is

o[0T, (y,))/0y* = [PTL(y,H)]/0t, 0 < ¢ < ¢t

4
0<y<h @

The initial and boundary conditions are given by Egs. (1-3).
Note that T7,(0,t*) = fi(t*) = T.. By means of the follow-
ing dimensionless variables, § = T(y,t)/T., z = y/h, 7, =
tar/h?, and 7,* = t*ar/h? Eq. (4) and the boundary condi-
tions become

0201, (z,Ta) — 001, (zJTO)

70S2S170S70_<_Ta* (5)

Oz? or,
01:(0,75) = filro}/Teatz =0 (6)
0ro(1,70) = folro)/Teatz =1 N
01.2,0) = To/Toeat 7, =0,0<2< 1 (8)

By means of Taylor series expansions, the following implicit
finite-difference equations are obtained from Eq. (5) and its
boundary conditions:

0L00.j+1 = f1j+1/T¢ (9)
0L0N,j+1 = f2,'+1/Te (10)

- g OLos1, 741 + 1+ p)oLoi,_H-l - g 0L0i+1,j+1 =

22_) oLai—l.j + - p)oLOi,j + g 0L05+1.j (11)

1<i<N -1

Eqgs. (9-11) are used to calculate temperature profiles until
61, > 1.0 at some j* but <1.0 at j* 4+ 1. At such a time,
the time 7,* (corresponding to t*) is calculated from the equa-
tion 7.* = k.(j* 4 ) where r = (fro;0 — 1.0)/(Orop ;o —
OLos,;4+1)- The temperature profile at 7.* is calculated from
the equation

TPOLosm1, % + 1 = 2rp)Orosju + 7'polmi+1,j* (12)

for 1 < ¢ < N, where 070,44, = 1.0. The presolidification
temperature is taken to be completely known and so is the
time interval ¢*.

In the solidification problem: both solid and liquid are
present, and the heat transfer problem becomes

Clsb2Ts (y,t) - aTS (y;t)

0L0i.j*+l =

> 0<y < Y@  (13)

oy? ot
T L (y,t) oT L(y,b) * h 4
= <y<
ar oy? ot 1> Yl <y < (14)

Using the additional dimensionless variables, 8 = Y/h, 7 =
t — t"Yar/h* = 1, — 7,*, Eqs. (13) and (14) are transformed
to

AO%0s/dz = ds/or, 7> 0,0 <z <8 (15)
0%0,/32* = d8./dr, 7> 0,8 <z < 1 (16)
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subject to the following conditions:
0s(S,7) = 0.(8,7) = 1.0atz=Sforr >0 (17)
M(00s/0z) — JOO./0z = dS/dr at 2z = Sfort > 0 (18)
01(2,0) = 01.(z,7.%) at 7 = 0 (at 7, = 7,%) (19)
S(0) = 0,7 =0 (20)
05(0,0) = filr = 0)/T. = 1.0, 7 =0,2=0 (21)
0.(1,0) = folr = 0)/Te = 05,(1,0), 7 =0 (22

where N = as/ar, M = NC,sTe/H;and J = (pr/ps)Cpr X
Te/H;. Conditions (17, 18, and 20) describe the interface.

Any of the following situations may occur at the two-phase
interface: the freezing point crosses A) no space grid line
B) one, C) two, or D) three or more grid lines. Each case re-
quires special equations for the points near the interface.
The following equations are obtained by Taylor-series expan-
sion: for the solid phase,

Case A: R(j+1) — R(j) = 0; — SoPZH1 gt
L+ zin
2\
(2Ap + 1) 0sp, 00 = Tipbsp,; + T:Z—,; (23)

Y A
—?p 0Si-—1.,'+1 + (1 + )‘p)o&'ﬂ,ﬂ-l = ?p 03;’—1,3‘ +

A )
(= Mp)Osi; + 5 Osinsy LS TSR =1 (28)

Case B: R(j+ 1) — R(j) = 1; and the governing equations
are Eq. (24) and

2ApZ i1 i1
—rx]; Osp-1,01 + (2>\p + a’:) Osp,ju =
Tit1 2\p
— (25
ar + 14+ zin (25)

where ag = z;.1/(1 — z; + 2;11), and
—ApOsig i + (14 2Ap)Osi— i — ADOsijp =
Osp,, R =1 <1< R (26)

Case C: R(j+ 1) — R(j) = 2; and the proper equations are
Eqgs. (24) and (25) and

—Apar 18sp— ;0 + 2Npart + VOsprji0 —
)\paR—losR.;Hx =1 (27)

where ag.y = (1 +2;1)/(2 — 2; + z,41) and az isnow z;11/(2
— ;i +xim).

Case D: R(j + 1) — R(j) > 3; we halve the time step,
make a new estimate of B¢y and check whether R(; + 1)
— R(j) has a value that satisfies one of Cases A to C. If one
of these cases applies, we use the appropriate group of equa-
tions. If none has yet occurred, we again halve the time step
and continue this process until one of Cases A to C has oc-
curred. After calculating temperatures with the appropriate
equations, we return to the regular time increment for the
next time step. Tor the liquid phase, no matter the value of
R+ — Ry, the following groupingshold: 0 < R(G+ 1) <
N — 3, then

(2 =2+ 2p — 2:3)01p4,50 — 20(1 — 2540 0Lp40, 501 =
2 —z)A — 2,)0p4.; + 2p (28)

P
5 0Li+1,j+1 =

- g 0L5—1,j+1 + (1 + p)obiyiﬂ -

B Onimas + (L= POy + 5 Onivny (29)

R+2<i<N-1
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Oy, = (f)iu/Te (30) 298 g —e—o
To calculate S;1, the height of solid which has formed by ¥
the (5 + 1)st time step, we use the following equations: for 293 '_:f
0<zu<1,and0<R<N ogg ¢ A) PRESOLIDIFICATION
. (31) 3004 ga T '5EcoNDS
Sin = ha[B(F + 1) + 1] X 8
1f 290 :
+<zin< % 280 X
B) GOMBINED -
then ) gggs&mmcmw P
Sin =8; + hep(Mas — Jo1), | SR N — 2 (32) 210 PROBLEM ST ICATION ]
If0 <zjp < 4, weuse Eq. (32) for2 < R < N — 3 with o5 260 ‘ o000 o >—o
replaced by o”s. If8<2;i<1,weuseEq. 32) for2 < R 30 | A 000 EXPERIMENTAL
< N — 3with orreplaced by o..: ol THEORE TICAL
Tt 14 Tl 14 213“.1 A i =
= — T Bep, : L= [} , [ A, )
T8 T g R Tip + Tl + T540) Lo =
O F ¥
(33)
CYHEIGHT OF SOLID PHASE
2 — T4t 1 - X1 0 ! L - L L
= H L ew i - 0 0 2
T ¥ 2 Ormenin = 5= Tipl Orminin © memntes 10 %0 €
3 — 2z (34) Fig. 2 Results for a typical run.
(1= 2) 2 — zip1)
20’5 = (1 + 21i+1)0SE—z,j+1 - 4(1 + xi+l)05R—1,5+x -+

3 + 2xj+1)0.SR,j+1 (35)

i — 5)0LR+1.]'+1 + (8 — 41':'+1)0LR+2.,'+1 +
(20 — 3)0LR+3.J'+1 (36)

Note that the equations for caleculating temperature profiles
are in tridiagonal matrix forms which are easily solved by
Gauss elimination and back substitution. First, a reasonable
value is assumed for S;.1, say S;11 = h./2, and R and z,,, are
calculated from Eq. (31). These are then used in the equa-
tions for the temperature profiles, and the temperatures are in
turn used to calculate a new value of S;4;. The two values of
S;41 are compared, and if they are within a certain allowable
limit (found from truncation errors and stability criteria) of
each other, 8,4, is taken to be known and a new time step is
made using S;11 = S; + AS; where AS; = 8§; — §8;, and
the procedure is repeated. If two consecutive values of
841 for the same time step have not converged, the iterative
method is used until they do. The stability criteria require
that 0 < P < Dmax Where Pmax = min(l/\, ). This implies
that 0 < ko < Kemax Where ko, = homin(1/X, 3).

20’1,

Equipment and Results

The external dimensions of the test cell (Fig. 1) were 5 in.
X 5 in. X 3.5 in. high. The auxiliary elements were a
thermocouple assembly, one 4-channel-continuous-tempera-
ture recorder, a pump, and a refrigerator that circulated
methanol as the coolant. The cell was composed of a cooling

Tablel Least-squares fit,fi(t) and f:(t), to experimentally
measured temperatures of the bottom and top plates,
respectively; T, = 297.8°K

Final steady-state temperature of bottom plate = 262.7°K

fit) = 2627 + 35.1e~et + 0.4°K

Fot) = 262.7 + 35.1e—¢# & 0.1°K

o = 65019191 X 10~ 4 0.40147416t — 0.14185947¢2 +

2.2468639 X 10~%% — 1.6686646 X 103+ +
47213390 X 1056

—3.3434403 X 1074 + 24737272 X 10~% —

5.7413214 X 1052 + 5.2857290 X 10-%* —

17660905 X 101044

il

C2

tis measured in minutes: 0 <t < 61

chamber sealed with solder to one face of an £-in.-thick copper
plate (the bottom plate); a plexiglas frame 1.5-in. high, which
formed the chamber for the n-hexadecane; and another i-in.-
thick copper plate (the top plate) that sealed the plexiglas
frame. Both plates carried thermocouples fixed to their in-
side faces. The temperatures of the plates were fitted [fi(f)
and f>(¢)] by exponentials of the form A + Be=<?¢ where A
and B are constants depending on the initial and the final
steady-state temperatures of the plates, and ¢(f) is a poly-
nomial in ¢ of degree 5 or fewer (Table 1).

Figure 2 shows that the experimental and theoretical re-
sults for a typical run agree closely for the presolidification
problem (Fig. 2A), but in the solidification problem, the
theoretical result indicates a faster rate of cooling than indi-
cated experimentally, particularly as the freezing front ap-
proaches the top plate. One of the many possible explana-
tions of this deviation is that the one-dimensional analysis
does not account for heat gains from the surroundings in the
other directions. This heat would slow down the rate of
solidification and would become more significant as the
solidification approached the top plate. In addition to ex-
traneous heat gains the effects of convection which were
neglected and all the approximations made in setting up the
model tend to increase the deviation of the model from the
true situation.

Conclusions

The numerical analysis developed in this Note has proved
to be a good unidimensional model for the solidification of n-
hexadecane. However, the consideration of partially-solidi-
fied elements may be eliminated when considering two- or
three-dimensional models. Instead of assuming constant but
different properties for each phase, one may use temperature-
dependent properties to get more accurate results. Better-
controlled and better-measured heat transfer techniques will
certainly improve the results.
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Flow Coeflicients for Supersonic
Nozzles with Comparatively Small
Radius of Curvature Throats
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Nomenclature

a = gound speed

A = cross-sectional area

Co = mass flow coefficient, m/7_p

Cpiny = two-dimensional inviscid flow coefficient
= diameter

fvy = {v[2/(y + DIGFD/ =D

m = mass flow rate

1i-p = one-dimensional value, f(v)pd w/(RT )12

M = Mach number

P = pressure

7,7 = radius and throat radius, respectively

e = throat radius of curvature

R = gas constant

Rep,, = throat Reynolds number, (mD/A4Ap*)m
= temperature

U = velocity

v = specific heat ratio

8* = displacement thickness

Ao - = divergent and convergent half-angles

mp = viscosity and density, respectively

Subscripts and superscripis

a = ambient back pressure

€ = edge of boundary layer

3t = inlet and stagnation conditions
thw = throat and wall conditions

( y* = sonic condition

Introduction

HIS Note is concerned with the determination of the
mass flow rate through choked nozzles with emphasis on
comparatively small radius of curvature throats. In the
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Fig. 1 Flow in the throat region of an axisymmetric

nozzle. The Mach number and mass flux profiles are at

the throat plane; the measurements are from Ref. 2 with

air flow p; = 70 psia, T. = 540°R, Rep, = 2.8 X 105,
adiabatic wall.

flow regime investigated (throat Reynolds numbers larger
than 10%) viscous (boundary layer) effects are not believed
to be significant,! so that the flow field can be regarded as es-
sentially isentropic. Mass flux nonuniformities for the air
flows studies are then primarily caused by the throat con-
figuration (Fig. 1)2 and result in reduced mass flow rates below
the ideal one-dimensional flow value, since in either the sub-
sonic flow region near the centerline or the supersonic region
near the wall the mass flux is less than at the sonic condition.
The nozzles considered have circular-are throats with values
of the ratio of throat radius of curvature to throat radius
7./ extending from 2 down to nearly 0, corresponding to a
sharp-edged throat. Measured values of the flow coefficient
Cp are presented for nozzles recently tested at the Jet Propul-
sion Laboratory (JPL) and for nozzles which have been pre-
viously tested in other investigations (Table 1). Of interest
is the relative correspondence of the earlier measurements by
Durham? that span a large range of 7./r: to the recent data
since there is some question about their absolute magnitude
because of the accuracy of the measurements that were made
in a blow down facility. These measurements taken collec-
tively provide a basis on which to evaluate the effect of r./re
on the flow coefficient and to appraise existing and recently
developed prediction methods for isentropic flow by other
investigators.

Present Tests

Tests were conducted in the auxiliary flow channel of the
JPL hypersonic wind tunnel.* Air flowed steadily through a
venturi meter, a plenum chamber, a contraction section, a
constant-diameter duct, and the nozzle, into an evacuated
chamber. Stagnation pressure measured with a pitot tube
ranged from 25 to 100 psia. Stagnation temperature, mea-
sured with a thermocouple upstream of the nozzle inlet where
the flow speed was low, was ~530°R. The nozzles tested
had relatively steep convergent sections with convergent
half-angles (o) of 75° and 90° and with r./rs = 0.25 and
0.49, respectively. Nozzles with these shapes are being con-
sidered for rocket engine applications because they are shorter



